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Abstract
We study the phenomena of mass inflation using the Ori model for a rotating BTZ black hole that
is sufficiently far from extremality, and show that the right Cauchy horizon CH+R of the BTZ black
hole becomes singular. Motivated by the recent analysis of Dias, Reall, Santos [JHEP12(2019)097],
we choose the retrograde quasinormal modes to govern the decay of perturbations exterior to the
black hole. The resulting model captures the violation of the Strong Cosmic Censorship conjecture
near extremality. On the other hand, far from extremality, the CH+R of a BTZ black hole develops
a weak null singularity. Our analysis shows a slowly rotating BTZ black hole will respect Strong
Cosmic Censorship.
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I. INTRODUCTION
The inner horizon of a rotating or a charged black hole is a place beyond which physics
becomes unpredictable. In the maximal analytic extension of Kerr or Reissner-Nordstro¨m
black hole, the inner horizon serves as a boundary of future Cauchy development and is
hence termed as the Cauchy horizon. The failure of determinism in any physical spacetime
is a pathology. Therefore the existence of a region behind the Cauchy horizon as a part
of regular spacetime poses a serious problem. However, Penrose and Simpson argued that
the right Cauchy horizon (CH+R) of a charged black hole is a surface of infinite blue-shift,
this will make CH+R unstable due to the amplified dynamic perturbations of the metric.
This motivated Penrose to propose the Strong Cosmic Censorship conjecture (SCC), which
says that for generic asymptotically flat initial data, the maximal Cauchy development of a
”reasonable” Einstein-matter systems, is future inextendible as a suitably regular Lorentzian
manifold [1, 2]. Therefore if one allows perturbations to the initial data, then the evolution
of a generic Einstein-matter system will render CH+R1 unstable, and the spacetime will be
sealed beyond it. It is now a well-established fact that CH+R of asymptotically flat (AF )
black holes are singular [3–7]. Although these singularities at CH+R are not strong enough
to stop one from extending the spacetime as a continuous metric beyond CH+R, but the
derivative of the metric, in general, cannot be continuously extendable across CH+R [5–9].
More sophisticated analyses have prompted the formulation of a weaker version of SCC,
which says that one cannot extend the spacetime beyond CH+R as a continuous metric with
locally square-integrable Christoffel symbols [10–12]. This version of SCC does not rule
out macroscopic observers’ passage without being torn apart while approaching the CH+R,
but provides a well-defined notion of inextendibility. So generically, when perturbations are
present, CH+R is replaced by a weak null singular surface. This picture has remained true
for all AF black holes in Einstein gravity.
Poisson-Israel [5, 6] mass inflation model provided one of the earliest inroads towards
finding the nature of the singularity at CH+R of a charged black hole in AF spacetime. Mass
inflation is characterized by an unbounded increase of the quasi-local Hawking mass of a
perturbed black hole, triggering a singularity at CH+R. Shortly after this discovery, Ori [8]
was able to considerably simplify the model while retaining its capacity to paint a vivid
physical picture [8]. The Ori model could also capture the fact that the nature of singularity
at CH+R is a weak null singularity, i.e., the tidal forces on a macroscopic body are infinite,
but tidal distortions remain finite as it approaches CH+R. This model was further confirmed
by numerical simulations [13–15] and gained support from rigorous mathematical analyses
[7, 16, 17].
The extension of SCC to black hole spacetimes possessing a positive cosmological constant
(the de-Sitter space) has been well explored, anticipating a violation of the SCC due to the
presence of a cosmological horizon. In fact, it was proposed that presence of a red-shift
effect of the infalling perturbations inside a Reissner-Nordstro¨m-de-Sitter (RN-dS) black
hole, associated with the cosmological horizon makes the backreaction weaker in the near-
1 Our study will be confined to the instability of only the right portion of Cauchy horizon (CH+R) in Penrose
diagram. See Figure 1.
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extreme RN-dS black hole (see [18] for a review of earlier works including the mass inflation
model). Later, it was shown that the backreaction of classical perturbations of a scalar
field is strong enough to render CH+R of RN-dS black hole unstable [19]. Recently, more
detailed analyses have revealed there is indeed a violation of SCC in RN-dS spacetime near
the extremality [20–22] although the same is not true for Kerr-dS black hole [23]. In a
recent note [24], it has been shown that although classically, there seems to be a violation of
SCC in RN-dS black holes, but quantum effects will restore the singular behaviour at CH+R
rescuing the SCC.
The investigation of SCC for black holes in Anti-de Sitter (AdS) space (solution of Ein-
stein equation with a negative cosmological constant) has recently gained much attention. In
a recent detailed study by Dias, Reall and Santos [25], it has been unveiled, a near-extremal
rotating BTZ black hole violates SCC 2 and corrected some of the previous results [29–33].
In particular, this result is against the expectation of the classical analysis presented in [33].
This violation is an artifact of a remarkable coincidence of exterior prograde quasinormal
modes with certain interior quasinormal modes (QNMs) of the black hole [25]. This in-
dicates the non-smooth behaviour of the stress-energy tensor of a test scalar field is not
governed by the slow decaying prograde mode but a faster decaying retrograde mode near
CH+R. In a recent study, this result has been supported by a detailed numerical analysis in
the initial value formulation set-up by [34].
In [25], it was also shown that quantum effects near CH+R do not enforce SCC for a
near-extreme BTZ black hole. The violation of SCC in a BTZ black hole (in the semiclas-
sical regime) has recently been supported by Hollands et al. [24]. From the AdS/CFT
perspective, recent works [35, 36] have also supported the findings of [25]. However, it has
been argued in [37], the quantum stability of CH+R in BTZ would be lost once one considers
beyond linear order backreaction of the probe field. It is not clear from all of these recent
works whether quantum effects near the CH+R will always be small irrespective of the fact
whether the black hole is close to extremality or not, but there exists a sufficiently wide
parameter space where the classical instability of CH+R will prevail, and SCC is respected
[34].
In this note, we study the mass inflation scenario for a BTZ black hole by implementing
the Ori model [8]. The dynamics of a probe field inside a rotating or a charged black hole
crucially depends on the rate of decay of the perturbing field at the exterior of a black
hole. In AF spacetimes, the perturbations of test fields decay with a power law at late
times according to Price’s law [38]. This slower decay triggers an instability at CH+R of the
black hole. In BTZ spacetime, the late time decay of perturbations is governed by low-lying
quasi-normal modes (QNMs), so the decay is exponential. We have already mentioned that
there are two types of QNMs in a BTZ black hole, the prograde (co-rotating with black hole)
and retrograde (counter-rotating) modes [25, 33, 39]. As shown in [25], among these two,
only the faster decaying retrograde mode plays a crucial role in determining the diverging
behaviour of CH+R.
In the mass inflation analysis, one would consider the lowest-lying QNMs to be the
2 BTZ black holes are (2+1) dimensional solutions of Einstein equation with negative cosmological constant
[26–28].
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appropriate ones that govern the decay of infalling radiation at late times. In the case of
BTZ black holes, it is the prograde mode that is the lowest or long-lived. However, to match
the intricate dynamics and non-smooth behaviour of the test scalar field as depicted in [25],
surprisingly we find the faster decaying retrograde modes give the correct decay rate for
which the stress-energy tensor of a massless scalar field diverges exactly at the same rate
obtained in [25]. Hence, although the slowest decaying prograde modes would have naively
produced a mass inflation singularity for BTZ black hole, but it would have failed to capture
the intricate classical dynamics discerned in [25]. The mass inflation model for BTZ black
hole with the retrograde QNMs also produces the smooth behaviour of the gradient of the
probe field near CH+R and indicates the violation of strong cosmic censorship near extremality
as found in [25]. Our characterization of singularity and smoothness of CH+R also exactly
matches with that of [25]. Near CH+R, the diverging component of the stress-tensor in mass
inflation model behaves as
V −2(1−β), (I.1)
where V is a null Kruskal-like coordinate and β is proportional to the longest-lived retrograde
QNM for BTZ black hole. Clearly, for β > 1, one finds that the stress-energy tensor becomes
finite at CH+R indicating a violation of SCC. In a similar vein, we also show that the spin
parameter a of BTZ (with M and J are the mass and angular momentum of a BTZ black
hole) has to be less than 0.6 for mass inflation to occur and respect SCC, a result that
has recently been obtained via numerical simulation in [34]. In fact, a stronger bound,
a < 0.38, is obtained by demanding that only the Christodoulou version of SCC be respected.
Remarkably, the heuristic mass inflation model can anticipate the intricate dynamics of the
interior of a BTZ black hole.
The organization of the paper is, therefore, as follows: In section (II), we depict a detailed
study of the mass inflation model for a rotating BTZ black hole. We discuss the importance
of choosing the retrograde QNMs in the context of classical backreaction induced at the CH
and show the divergent behaviour of Hawking mass at CH+R. In section III, we obtain a
regular solution near the mass inflation region. This has not been done earlier, and thus fills
a long-standing gap in the literature. Next, with the regular metric near CH+R, we construct
a freely falling triad and show that the tidal distortions remain finite as a test body tries
to cross CH+R. We also show how the model captures the violation of SCC in near-extreme
regime as obtained in [25] and [34]. In III A 1, we compute bounds on black hole’s parameters
and determine the upper bound on the spin parameter of a BTZ black hole above which
SCC gets violated. In III B, we include a short discussion on the quantum effects at CH+R of
BTZ black hole, and we finally conclude in section IV, with a summary of our results and
pointing out some future prospects.
II. MASS INFLATION IN A ROTATING BTZ BLACK HOLE
The mass inflation scenario is a simple and elegant model where one studies the backre-
action of blue-shifted radiation near CH+R. In this model, one mimics Penrose’s blue-shifted
radiation as an influx of null dust. This influx then backreacts with the black hole’s space-
4
time and gives rise to an outflux inside the outer horizon of the hole. Due to the presence
of the influx and outflux, the background geometry (which in our case is a BTZ black hole)
changes to a set of BTZ-Vaidya solutions [6]. One, then, computes the mass function of the
BTZ-Vaidya solution in the presence of this cross-flow. It should be noted that an outflux
is an essential ingredient in triggering the blow-up of the mass function at CH+R; without it,
one does not get an appreciable effect on the inner horizon. However, the detailed structure
of outflux is not essential, its role is to separate the inner apparent horizon from CH+R. This
observation led Ori to model the outflux as an extremely short pulse of null radiation [8] and
significantly reduced the mathematical complexity of the Poisson-Israel model. In the Ori
model, we thus need to match two BTZ-Vaidya solutions along a delta function shell, and
determine the behaviour of the mass function of BTZ-Vaidya metric near CH+R. The mass
function of the ingoing radiation is an input in this model. In fact, the late time behaviour of
the mass function outside and along the outer event horizon plays a crucial role in obtaining
a singularity at CH+R.
The Ori model of mass inflation in a BTZ black hole was first studied by [29]. But their
analysis [29] was lacking in one crucial aspect: they had assumed that the mass function
decays at late times according to a power law similar to Price’s law [38]. However, the authors
addressed this issue in [40], noting that a power law tail is absent in BTZ black hole, and the
true decay behaviour will be exponential. Later, exact expressions of quasinormal modes
(QNMs) of BTZ black holes were obtained in [39]. We intend to first analyse the mass
inflation model for BTZ with the help of the exact expressions of QNMs. This will fill a
gap in the literature, and will also be crucial in checking the recent intricate details of the
singular structure of CH+R in a BTZ black hole. The initial part of this section shall have a
substantial overlap with the earlier analyses as we have reviewed certain things to coherently
and meticulously present the results obtained in this study.
In a (2+1) dimensional spacetime with a negative cosmological constant Λ = −1/L2, the
solution to the vacuum Einstein field equation is a BTZ black hole [26–28] which is described
by the metric,
ds2 = −N2dt2 +N−2dr2 + r2 (dφ− (J/2r2)dt)2 (II.1)
where N2(r) is the lapse function, given by,
N2(r) = α(r) +
J2
4r2
and α(r) = −M − Λr2 (II.2)
In advanced Eddington-Finkelstein (EF) or {v, r, θ} coordinates, this metric reads,
ds2 = −α(r)dv2 + 2 dv dr−J dv dθ+r2dθ2 (II.3)
The constants M = (r2++r
2
−)/r
2L2 and J = 2r+r−/L are identified, respectively, as the mass
and the angular momentum of the black hole, and the BTZ black hole has two horizons, an
event horizon at r = r+, and an inner horizon at r = r− where r± are the two solutions of
N2(r) = 0. The radius of outer and inner horizons are expressed as,
r± =
√
ML2
2
(
1±
√
1− a2
)
, where a =
J
ML
(II.4)
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The stress-energy tensor of the ingoing flux has the form
Tµν =
ρ(v)
r
δµvδνv (II.5)
and with this form of the stress-energy tensor, the Einstein equation gives the rotating
BTZ-Vaidya metric,
ds2 = −α(v, r)dv2 + 2 dv dr−J dv dθ+r2dθ2 (II.6)
where α(v, r) = −m(v)− Λr2. The mass function m(v) should also satisfy the equation
dm
dv
= 16piGρ(v) (II.7)
such that, if ρ(v) decays at least as fast as 1/v for very large v, then limv→∞m(v) = M
where M is a constant that can be identified as the mass of the black hole.
Now, this ingoing flux of massless particles will get backscattered after crossing the event
horizon, and result in an outflux of massless particles. This outflux can be modeled as a
thin outgoing ring R [8, 29] of massless particles in usual r − φ coordinates to study the
phenomena of mass inflation. We consider this ring R to be situated in a region between
H+R and CH+L (see FIG. 1), and the quantities outside the ring are labeled with a subscript
1, and those inside the ring with a subscript 2.
The Ori model, therefore, consists of two BTZ Vaidya solutions (see FIG. 1) in regions
I (outside the ring) and II (inside the ring) that are to be matched across the null ring
R. The preliminary junction condition demands the components of the metric tensor to be
continuous across R, thereby, forcing the coordinate r to be continuous. Moreover, since
the ring has a vanishing surface tension [8, 41], the same affine parameter λ can be used on
either side of the ring.
We can now proceed to write down the matching conditions. Let us first specify a
function R(λ) such that 2piR(λ) will give us the perimeter of the ring R. Here, λ is an affine
parameter which is set to zero at (CH+R), and is negative below it, so λ increases with time.
From (II.6), the nullity condition of the ring gives us:
− α(v,R(λ))v˙2(λ) + 2v˙(λ)R˙(λ)− Jv˙(λ)θ˙(λ, χ) +R2(λ)θ˙2(λ, χ) = 0, (II.8)
with χ being the intrinsic coordinate of the ring, and the overdot denoting derivatives with
respect to λ. The geodesic equation corresponding to the θ coordinate is
d
dλ
(
−Jv˙ + 2R˙2θ˙2
)
= 0 (II.9)
This equation can be readily integrated to give
θ˙ =
J
2R2
v˙ (II.10)
where we have chosen θ(λ0, χ) = χ0, a constant, for some initial value λ0 of the affine
parameter to set the constant of integration to zero.
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R
(U=
k,V
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)
FIG. 1. A schematic diagram of the Ori model for BTZ black hole: The thick red line corresponds
to the null ring R mimicking the outgoing radiation. It separates the spacetime in two BTZ-Vaidya
solutions (BTZ-VS). The dotted blue lines denote the inner apparent horizon. The future event
horizon (H+R), the future right Cauchy Horizon (CH+R), and the left Cauchy horizon CH+L have been
also indicated in the diagram. U, V are regular double null coordinates to be introduced later.
In the above equations, we had suppressed the subscript i = 1, 2 on v. Restoring the
subscript i and using (II.10), the nullity condition (II.8) can be recast as
R˙
v˙i
=
1
2
(
−α + J
2
4R2
)
=
1
2
N2(R(λ, vi)) (II.11)
Now, the radial geodesic equation using (II.10), can be written as,
v¨i =
1
2
(
∂
∂r
(
Λr2 +m(vi)
)− ∂
∂r
(
J
4r2
))∣∣∣
r=R(λ)
= −1
2
v˙2i (∂rN
2)|r=R(λ)
v=vi(λ)
(II.12)
Defining
zi(λ) =
2R(λ)
v˙i(λ)
(II.13)
the nullity condition (II.11) can be put in the following form:
zi(λ)
2R(λ)
R˙(λ) =M(R(λ))−mi(vi(λ)), (II.14)
where M(r) denotes,
M(r) = mi(vi(λ)) + 1
2
N2(r, vi(λ)) = Λr
2 +
J2
4r2
(II.15)
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We further rewrite (II.13) as zi/2R = 1/v˙i, and differentiate it with respect to λ to cast
the radial geodesic equation (II.12) as,
d
dλ
[ zi
2R
]
=
1
2
∂rN
2(v, r)
∣∣∣r=R(λ)
v=vi(λ)
= ∂rM(r)|r=R(λ), (II.16)
where we have taken partial derivative of (II.15) with respect to r to write down the last
equality.
Finally, using (II.13), (II.14), and (II.16), we can write down the three matching equa-
tions:
vi(λ) =
∫ λ 2R(λ′)
zi(λ′)
dλ′, (II.17)
mi(vi(λ)) =M(R(λ))− ziR˙(λ)
R(λ)
, (II.18)
zi(λ) = R(λ)
[
Zi +
∫ λ
∂rM(R′(λ′)) dλ′
]
, (II.19)
where we have obtained (II.19) by integrating (II.16) with respect to λ; we have also ignored
the constant of integration in (II.17) since adding a constant to the vi coordinate amounts
to just shifting the origin of the coordinate system. The Zi’s are constants of integration
and the subscript i = 1, 2 denotes the respective region in which the quantity is defined. We
note that after specifying the function R(λ), along with the constants Zi’s, the matching
equations (II.17-II.19) will completely determine the rotating BTZ-Vaidya solution on either
side of the null ring.
A. Late Time Behaviour of the mass function
The λ dependent mass of the ring can be obtained from (II.18) and (II.19), and is given
by,
∆m(λ) = m2(λ)−m1(λ) = (Z1 − Z2) R˙(λ) (II.20)
To determine the constants Zi’s, we note that: CH+R corresponds to the limit v1 → ∞
in region I, with λ = 0 on CH+R. This implies that the derivative of v1 (with respect to λ)
will also begin to blow up near CH+R. So, using (II.18) and arguments similar to those in
[8, 29, 42], we find Z1 = 0 and Z2 > 0
3.
Therefore, using (II.17) near CH+R, we get,
|λ| ≈ e−κ−v1 and v2 ≈ 2
Z2
λ, (II.21)
where
κ− := −dM(r)
dr
∣∣∣
r=r−
= −1
2
∂rN
2(r, v1 →∞)|r=r− (II.22)
3 Since we are considering an outgoing ring R, the value of R˙(λ) is negative inside the black hole, so (II.23)
would imply Z2 > 0 for the energy of the ring to be positive.
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We see that v2 is linearly proportional to the affine parameter λ near the CH+R. So, in
region II, CH+R is located at v2 = 0, since λ = 0 on CH+R . Finally, equation (II.20) can now
be written as:
∆m(vi(λ)) = −Z2R˙(λ) (II.23)
To obtain a solution of above equation, we consider the geometry near CH+R to be a
slightly perturbed version of the rotating BTZ-Vaidya solution. Using the nullity equation
(II.11), we can write,
dR(v1)
dv1
=M(R(v1))−m1(v1) (II.24)
Next, we expand M(R(v1)) around r− (CH+R) with
R(v1) = r− + δR(v1), (II.25)
and obtain
d
dv1
δR(v1) ≈ (−κ−δR + δm1(v1)) (II.26)
In writing down the above expression, we have used the fact that the final mass mf of the
black hole as measured by an observer in region I, after it has absorbed all the infalling
radiation, is given by
mf =M(r−) = m1(v1) + δm1(v1) (II.27)
Here, the term δm is understood to be the “mass” associated with the radiative tail that
dominates the late time behaviour of the infalling radiation flux.
1. Quasinormal Modes of BTZ black hole and stability-instability of CH+R
The late time solution of the radial equation (II.26) clearly depends on the behaviour of
the mass function (II.27). So we must specify the late time behaviour δm of the influx before
proceeding further. As mentioned earlier, in general, a power law tail is not present in AdS
space [43]4. In this case, it is more appropriate to consider quasinormal modes (QNMs)
of AdS black holes, which have been extensively studied in [25, 39, 43–46]. In d = 4, due
to the stable trapping phenomena of null geodesics for Kerr-AdS black hole, there exists a
much slower (logarithmic) decay of perturbations at late time [47]. This essentially triggers
a more rapid inflation of mass parameter than AF space [42, 48], and develops a weak null
singularity at CH+R. However, the stable trapping of null geodesics is absent in BTZ black
hole. Therefore the decay of perturbations should be dictated by long lived QNMs.
For a massless scalar field perturbation, the exact expressions of QNMs are given by
[25, 39],
ωp =
q
L
− 2ir+ − r−
L2
(n+ 1), and ωr = − q
L
− 2ir+ + r−
L2
(n+ 1), (II.28)
4 If a BTZ black hole is formed in a decoupling limit of a higher-dimensional asymptotically flat black hole,
a power law tail may arise.
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where q is azimuthal number and n is the overtone number.
It is easy to see that the imaginary part of prograde (co-rotating with the black hole)
modes are lower than retrograde (counter-rotating) modes. Therefore, a naive guess would
be to consider the lowest-lying ωp modes as input for the late time decay of mass function or,
δm(v) as v → ∞. However, as shown in [25], it is the faster retrograde mode that dictates
any non-smooth behaviour of a scalar perturbation near CH+R. We will come to this fact
later, for the time being, let us define two different lowest lying QNMs ωp,r by setting q = 0
and n = 0,
ωIp,r = −2
r+ ∓ r−
L2
= −ζp,rκ+, (II.29)
where ζp,r are dimensionless constants and κ+ is the surface gravity of the event horizon of
the final stationary black hole. We display the expressions of ζ± and surface gravities (κ±)
below,
ζp,r =
2r+
r+ ± r− , and κ± =
r2+ − r2−
L2r±
. (II.30)
The asymptotic form of δm(v1), should be such that it is consistent with Eq. (II.7). The
amplitude of the infalling radiation is modelled as perturbing test scalar field. Hence if the
scalar field decays like e−ζp,rκ+v1 , then the energy density of the massless field or flux, ∝ dm
dv1
,
should go as square of the amplitude, e−2ζp,rκ+v1 [6]. This leads to,
δmp,r(v1) ∝ e2ωIp,rv1 = e−2ζp,rκ+v1 . (II.31)
2. The Divergent Mass Function
If we solve the radial equation (II.26) with (II.31) we get,
δRp,r(v1) = C1e
−κ−v1 +
C2
κ− − ζp,rκ+ e
−ζp,rκ+v1 , (II.32)
where C1 and C2 are the constants of integration. The mass function in region II can now
be obtained using (II.23) as,
mp,r2 (v2) ≈ ∆mp,r(v2) ∝ |v2|
−
1−ζp,rκ+
κ−

. (II.33)
Note that for any non-extreme black hole: κ− > κ+. Now, we observe that if the black
hole is sufficiently far from extremality, i.e., if r+ − r− >> 0, both the expressions mp,r2 (v2)
diverge as CH+R is approached i.e. as v2 → 0. This is apparent from the fact ζp,r < 1 if
one stays away from extremality. However, as already discussed, we now show, the mass
function in terms of retrograde mode exactly produces the desired behaviour. Recall the
definition of β for a massless field,
β =
2r−
r+ − r− . (II.34)
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A careful glance at the fraction
ζrκ+
κ−
reveals,
β = ζr
κ+
κ−
. (II.35)
Therefore ,
mr2(v2) ∝ |v2|−(1−2β). (II.36)
Hence the mass function diverges if β < 1/2, which means if one is far from extremality
the right Cauchy horizon (CH+R) becomes unstable. On the other hand, if β > 1/2, or there
is very fast decay of δm, the classical backreaction becomes zero at the CH+R. So, the SCC
is violated. 5 This is the same conclusion obtained in [25] from the divergence properties
of stress-energy tensor of the probe scalar field. Also, it is to be noted, the condition on β
indicates that the Christodoulou version of SCC is respected for retrograde modes.
Let us now compare these results with actual fall-off of the stress-energy tensor of a
test scalar field φ computed in [25]. The non-smooth part of scalar field near the CH+R is
expressed in terms of EF coordinates. The scalar field has the following fall-off near CH+R
(see Eq. 3.46 of [25])
φ ≈ zβ (II.37)
where z is defined as
z =
r2 − r2−
r2+ − r2−
.
Since the stress-tensor of a scalar field contains square of its derivative, we can easily see
the fall-off of stress-tensor is
Trr ≈ z2(β−1). (II.38)
As z → 0 at CH+R, we can see a divergence will set in if β < 1. We can convert z to null
coordinate to directly compare with the fall-off character of local mass function. Near CH+R,
z behaves as z ∼ e−2κ−r∗ [33], where r∗ is the radial tortoise coordinate. Therefore in terms
of a Kruskal like coordinate V = −e−κ−v, the fall-off of stress-energy tensor takes the form
|V |2(β−1). (II.39)
Since v2 ∼ λ, it is Kruskal like in the region II (see next section), so v2 ∝ V . Now a direct
calculation of the Einstein tensor with the metric (II.6) in region II yields the following
leading divergence behaviour of Gvv component
Gvv ≈ |V |2β−2.
We could have directly figured out this behaviour by taking a derivative with respect to v
of (II.36). Therefore, the mass inflation analysis is able to exactly produce the same fall-off
behaviour as reported in [25]. This behaviour captures both the weaker (β < 1) and stronger
5 In terms of prograde mode, βp =
2r−
r++r−
= 1 only in the exact extreme limit. Therefore, a violation of
SCC will occur not before the black hole is reached to its extremality. This is not the picture we get from
the recent studies [25, 34].
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(β < 1/2) bounds on β for which the SCC is respected. In the Christodoulou version of
SCC, the perturbing test field should not belong to the space of square-integrable functions.6
We see the this condition turns out to be the case when
2(β − 1) < −1 =⇒ β < 1
2
. (II.40)
III. A REGULAR MASS INFLATION SOLUTION
We now introduce a set of double null coordinates [8, 42], {U, V, φ˜}, that simultaneously
describes both regions I and II and is regular at CR+R, and then determine the metric
functions in the region of mass inflation. (It must be noted that this double null metric will
not be regular at the event horizon H+R, and we usually introduce yet another set of double
null coordinates at H+R that is not regular at CH+R). The background metric in these new
coordinates will take the form [25, 28],
ds2 = Ω2(U, V ) dU dV +r2(U, V )
(
dφ˜+
JK(U, V )
2r2(U, V )
(V dU −U dV )
)2
(III.1)
where the function K(U, V ) should be well behaved at CH+R.
We have set up this coordinate system in the following fashion (see Figure 1): inside the
black hole, U < 0 and V < 0, with CH+R is at V = 0 (and U < 0). CH+L is at U = 0.
The ring R of radius R is located at a line along which U is constant (a U = k surface
where k is a constant), and on the ring, we set V = λ where λ is the affine parameter. The
ring, as earlier, has an intrinsic coordinate χ. So, R(λ) := r(U = k, V = λ). Therefore,
according to (II.21), inside the mass inflation region (region II), v2 is directly proportional
to V , viz.,
v2 ∝ V (III.2)
Therefore, the mass function goes as
m2(V ) ∝ |V |−(1−2β) (III.3)
As already discussed in the earlier section, this result shows the mass inflation occurs if the
black hole is sufficiently far from extremality. In the rest of this section, we will assume
β < 1/2, for mass inflation to take place and find a regular solution.
Before proceeding further, we impose a slow-rotation approximation on (III.1) in order to
get an analytically tractable solution, that is,we keep terms which are of the order O(J),and
obtain the following simplified metric tensor
g˜µν =

0
Ω2
2
JV K(U, V )
2
Ω2
2
0 −JUK(U, V )
2
JV K(U, V )
2
−JUK(U, V )
2
r2

(III.4)
6 a function φ is square-integrable in a domain, if there exists a smooth compactly-supported function ψ,
s.t. for Φ = ψφ, (Φ2 + ∂µΦ∂µΦ) is integrable.
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The slow rotation limit will not spoil the generality of our calculation: Since rapidly
spinning BTZ black holes are near-extreme, we can trust mass inflation solution in this
limit.
Using the ingoing EF metric tensor gµν from (II.6), we can use the transformation relation
between the two metrics to determine unknown functions Ω(U, V ) and K(U, V ) in (III.1);
But we must first determine r and θ as functions of the new coordinates.
To determine the radial part r(U, V ), we recall (II.11), and write
∂r
∂V
=
N2
2
≈ −m2(V )
2
(III.5)
where, in writing the last relation, have used the fact that during mass inflation, the mass
function m2(V ) will grow drastically and hence dominate over the other terms in N
2. Em-
ploying the mass inflation solution (II.33), we can readily integrate this equation (considering
the retrograde mode solution) to get
r ≈ γ|V |2β +H(U), (III.6)
where γ is a constant, and H(U) is an arbitrary function that reflects our freedom in choosing
the U coordinate. We set
H(U) = r− −  |U | , (III.7)
where  is a dimensionless constant representing the strength of the outflux [49], and get
r ≈ r− − |U |+ γ|V |2β (III.8)
The above equation holds near CH+R and becomes finite at V = 0. We choose |U | with a
minus sign as it reflects that CH+R will contract with time because of the focusing effect of
the generators of CH+R.
Now recalling the geodesic equation for the θ coordinate (II.10), we can write
∂θ
∂V
=
J
2r2
(III.9)
This equation may be integrated in principle to write the coordinate θ in terms of U ,V
and φ˜ up to an arbitrary function f(U), but we note from the consistency of the transfor-
mation relation between the metrics, this f(U) can be set to zero. Now, again using the
transformation relations, we find
Ω2(U, V )
2
≈ ∂r
∂U
≈ Ω
2
0
2
(III.10)
where Ω0 is a constant. The function K(U, V ) can be determined likewise but for purpose,
it is just important to note that K(U, V ) and its derivatives are well behaved at CH+R. This
completes the determination the of a regular mass inflation solution at CH+R.
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A. Tidal Distortions and Nature of the Singularity
We now consider an observer inside the black hole, and we shall try to understand what
she is likely to experience as she approaches CH+R. We note that the following analysis will
be more accurate if our observer approaches the early portion of C+R . We shall model this
extended observer as a collection of point-like particles moving along timelike geodesics. As
the observer approaches the mass inflation singularity, she will experience strong tidal forces
and suffer distortions. To study these phenomena, we set up a following orthonormal set of
triads that satisfy
∇ν eˆµ(α)uν = 0, eˆµ(0) = uµ, and eˆµ(α)gµν eˆν(β) = η(α)(β) (III.11)
where uµ = dxµ/dτ is the velocity of the observer in the background (III.4) with which she
approaches CH+R (τ being the proper time). The orthonormal set of triads is given by
eˆµ(0) =
1
Ω0
( −1
uV
, uV , 0
)
eˆµ(1) =
1
Ω0
(
1
uV
, uV , 0
)
eˆµ(2) =
1
Ω0
(
JUK(r)
Ω0r
, −JV K(r)
Ω0r
,
Ω0
r
) (III.12)
Now we define a small separation vector ξµ, connecting any particle that make up our
observer to its center of mass, as ξµ = x¯µ(τ)− xµ(τ). The geodesic deviation equation tells
us that it evolves according to the equation
D2ξµ
Dτ 2
= −Rµαβγuαξβuγ (III.13)
Since the observer is a spacelike entity, we shall project ξµ along the spacelike dual vectors
and define
ζ¯ i = eˆ(i)µ ξ
µ where i = 1, 2 (III.14)
Now, noting that we are in a locally inertial frame, (III.13) gives us
d2ζ¯ i
dτ 2
+Kij ζ¯
j = 0 (III.15)
where
Kij = Rαβγδe
α
i u
βeγju
δ. (III.16)
We can readily calculate the components of Kij near CH+R, in the slow rotation limit, and
write, CH+R
K11 ≈ 0 (III.17)
K22 ≈ −(u
V )
2
Ω20r−
∂2V r
∣∣∣
r→r−
+O(J2). (III.18)
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This K22 component shall reveal the strength of the tidal forces. Now as the geodesic
equation for uV is simply
duV
dτ
= 0 (since uφ = 0 by construction), (III.19)
we can say that uV is a constant and V ≈ τ near V = 0. Using this we see that the leading
divergence in K22 near CH+R is,
K22 ∝ |V |
2(β−1)
r−
. (III.20)
Plugging this into (III.15), and integrating it twice, we can, therefore, see that the tidal
distortions remain finite in the limit V → 0, even though the tidal forces diverge near CH+R.
Since the distortion is finite, we can say that the mass inflation singularity is a weak null
singularity (remembering that the metric components are finite at CH+R) . So, our observer
may safely cross the CH+R and emerge in a new universe in the classical picture.
Therefore, we conclude that a rotating BTZ black hole respects the Strong Cosmic Cen-
sorship conjecture. In this mass inflation version, the metric is regular at CH+R, but its
derivatives cannot be smoothly extended across CH+R.
1. Bound on spin parameter
It will be a good exercise to find an exact number in terms of the parameters of BTZ
black hole such that one has a rough idea about when SCC is violated, or find a bound on
the parameters beyond which we can say the black hole is sufficiently far from extremality.
Recently, by solving an Einstein-Klein Gordon system in AdS3 space using numerical meth-
ods, [34] has shown that the spin parameter a of BTZ black hole should be less than 0.6
for which SCC or mass inflation is respected. Their result is consistent with that of [25].
Recall, for β < 1, we get the weaker version of SCC from the behaviour of stress-energy
tensor (II.39). Setting β ≤ 1, for massless field we get r+ ≥ 3r−. For r+ ≥ 3r−, SCC is
respected. Now the spin of the black hole can be expressed as,
a =
J
ML
=
2r+r−
r2+ + r
2−
=
2r+r−
(r+ − r−)2 + 2r+r− (III.21)
Putting the largest value of r+ = 3r−, such that our model respects SCC gives
a =
3
5
= 0.6. (III.22)
If we try to find the bound for the stronger case i.e. β < 1/2, we get a stricter bound
a < 0.38. (III.23)
Although this stronger bound has not been explicitly shown in [34] but our analysis
shows that there is a region in the parameter space when Einstein equation cannot be
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extended even as weak solutions beyond CH+R. We also can justify from these bounds that
our slow rotation approximation in obtaining a solution for mass inflation region is not
a crude assumption. Looking at the last expression of a, one can easily see, that near-
extremal black holes are rapidly spinning ones. So small spin (or slow rotation) is a better
approximation for obtaining a singular CH+R.
B. Quantum effects at CH+R
As the classical backreaction in a BTZ spacetime has produced a singularity at CH+R,
it is expected that quantum backreaction will also produce a similar effect. Of course, if
one gets close to the extremality, the classical analysis shows a breakdown of SCC. It is
interesting to learn from [25] quantum corrections can not remedy the classical breakdown.
This breakdown has also been explained in [24], and is supported from different perspectives
in [35, 36]. These studies have considered only the linear backreaction of test fields, and it
is, therefore, tempting to conclude that linear backreactions of quantum fields do not trigger
any singularity at CH+R. However, as argued in [37], this may not be true if one goes beyond
linear perturbations. It seems, at least for linear order perturbations, there is no strong
backreaction effect at CH+R. In their study, Dias et al. [25] have shown, for β < 1, the
expected value of stress-energy tensor 〈0|Tµν |0〉 diverges near CH+R, but indicated that the
divergence is integrable. In [24], it has been shown that the component TV V of renormalized
stress-energy tensor in a state ψ, diverges in the following universal fashion for a wide class
of theories in some Kruskal like coordinate system near CH+R,
〈TV V 〉ψ ≈
C
V 2
+ tV V . (III.24)
Here C is a constant that depends only on the black hole parameters, and not on ψ. The
divergence of tV V depends on ψ, but it diverges no more strongly than the stress tensor
of a classical solution. The analysis of [25] shows C is zero for a BTZ black hole in the
near-extreme zone. In [24], it was also explicitly shown that this will be the case for BTZ,
albeit without resorting to extremality. We believe this will be the case as long as we are
confined within linear order in perturbations. Now, the mild divergence of tV V can be seen
from another perspective. This will indicate that quantum corrections may always be weak
at CH+R for BTZ black hole. If we calculate the V V component of Einstein tensor near the
CH+R taking a quantum backreacted metric as in (III.1), we get the following semi-classical
Einstein equation
(2∂V Ω∂V r + Ω∂
2
V r)
rΩ
∼= −4pi 〈TV V 〉 . (III.25)
where, in the V V component of Einstein tensor, we have kept only those terms that will have
dominant divergent behaviour in the limit one approaches CH+R or V → 0, and employed
the approximation that J is small. If the backreaction is sufficiently weak, the term that
has the most dominating divergent behaviour near CH+R should be governed by the classical
singular behaviour [24]. Plugging in the expression of r from (III.8), we then get the leading
divergent term of the left hand side in (III.25) to be,
16
tV V ≈ |V |
2β−2
r−
. (III.26)
This matches with the desired behaviour of tV V mentioned in [24]. In this heuristic
analysis, we see if we are near the extremality, or β > 1, the quantum stress-energy tensor
is regular. For β < 1, our analysis shows the divergence is square-integrable. This is also
consistent with the suggestions made in [24, 25].
IV. CONCLUSION
Let us summarize our results first: We have made an analytical study of mass inflation in a
rotating BTZ black hole. Using the Ori model to implement inflation, we have discussed how
the right Cauchy horizon (CH+R) becomes unstable for a non-extreme BTZ black hole. The
important aspect of our analysis has been to show, in the mass inflation model scenario,
it is the faster decaying retrograde QNMs, that provide the correct singular structure of
CH+R. We have also obtained a regular solution in the mass inflation region. To test the
strength and nature of singularity, we constructed a freely falling frame and calculated the
tidal forces employing a slow rotation approximation. The tidal forces become divergent
as we approach CH+R but their twice integrated values (tidal distortions) become finite, a
signature of a weak null singularity. We have also reproduced some of the bounds on the
black hole spin parameter a from different restrictions on β so that SCC is respected. The
weaker bound a < 0.6 seems to suggest since a rapidly spinning black hole is close to its
extremality, and it is more prone to violate the SCC. Finally, we have given a heuristic
argument to show that the behaviour of quantum stress-energy tensor conjectured in [24] is
indeed true for the BTZ black hole.
The mass inflation model should be able to reproduce the recent studies related to SCC
violation for near-extreme de-Sitter black holes. For BTZ and other higher dimensional AdS
black holes, it will be interesting to see the perturbative effects of fields other than the scalar
field. These studies may lead to new insights in matters relates to strong cosmic censorship.
In a d = 4 AdS black hole, due to stable trapping phenomena, we get a much slower
logarithmic divergence of the perturbations outside and along the event horizon. This will
induce a more rapid divergence at the Cauchy horizon. It will be interesting to see whether
the universal form of stress-energy tensor suggested in [24] works there as well.
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